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Linear Complementarity Models of Nash—Cournot
Competition in Bilateral and POOLCO Power
Markets

Benjamin F. HobbsMember, IEEE

Abstract—Two Cournot models of imperfect competition other applications of Cournot models are to small networks of
among electricity producers are formulated as mixed linear 3-7 pusses and potentially have either no price equilibria or
complementarity problems (LCPs), and a simple example is many equilibria [15].

presented to illustrate their application. The two models simulate Th del dh based he followi
bilateral markets. The models include a congestion pricing scheme e two mo ?S presented here are A ased on the _O 0W|.ng
for transmission, but other transmission pricing approaches can Market assumptions. They address a bilateral market in which
also be represented in this framework. The two models differ imperfectly competitive generators purchase transmission
from each other in that one has no arbitrage between nodes of the services from an 1ISO who prices scarce transmission capacity
network, while in the other model, arbitragers erase any noncost ;i grder to ration it efficiently. In the first model, there is no
based differences in price. The latter bilateral model turns out . . . - . o
to be equivalent to a Cournot model of a POOLCO. The models arbitraging between dlf‘fgrent' locations in the network; this
differ from other Cournot market models in that they include  allows noncost based price differences to arise, so that gener-
both of Kirchhoff's laws via a DC approximation; can include ators can raise prices where competition is weak or demand
arbitragers; possess unique solutions; and are readily solved by s inelastic while competing more intensely elsewhere. In the
efficient LCP algorithms. The key assumption that permits their gac0nq model, there are arbitragers/marketers who eliminate
formulation as LCPs is that each producer naively assumes that . . ’ . S
its output will not affect transmission prices. price dlf'“fe'rences between Iocatlon§ that are unjustified by cost
[16]. This is shown below to be equivalent to a POOLCO-based

system using locational marginal pricing.

In terms of strategies, each generating company in both
models plays a Nash game in quantities sold. This is equivalent

I. INTRODUCTION to each generation company assuming that other firms will not

ESTRUCTURED power markets take a wide variety 0ﬁalter their outputs—a Nash—Cournot game. In addition, each
forms. Their design and structure differ in many importa enerator naively assumes that its outputs will not significantly

ways, such as how transmission is priced, and whether g%q_ect transmission prices. In game theoretic terms, this a

erators sell to a central auction (POOLCO) or bilaterally t ertrand game with respect to transmission. This belief.about
customers [1]. These and other differences affect the nature smission diverges from the.N_ash—Cournot models in [5]’
outcome of competition among power producers; therefold)" In the latter models, sophisticated producers recognize
market models should reflect those differences ' transmission limits and correctly predict the effect of their
A wide range of models are proposed for .simulating th%ecisions on the transmission prices. However, such models
interaction of competing generation companies who pri e not numerically tr.actable for large s_yst.ems. _In contrast,
strategically [2]-[4]. Such models can be used to identify ho e Bef”a"‘d assu_mpthn does nqt perr.mt simulation of some
market power might be wielded in restructured power markeilategies for manipulating transmission; however, the resulting
and the impacts of proposed mergers. This paper presd dels are solvable for realistically large systems. Thus, the
two specific models, that like some previous models [5]-[7}>C here of a Bertrand game for transmission is a compromise
adopt a Nash—-Cournot game theoretic framework [8]-[1 tween_the ijectlves Of'_ ) )
and represent transmission constraints by a linearized DC* realism in representation of strategic behavior,
network. Unlike previous models, however, the formulations * realism in representation of physical constraints, and
presented here account for arbitrage, readily lend themselves® computability. _
to computation even for large markets with hundreds of Given the above market and strategy assumptions, both
transmission interfaces and nodes, and guarantee the existéfedels calculate a market equilibrium for generation and

prices, generator outputs, transmission flows, and consumption

. . . _ that simultaneously satisfy each market participant's first
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arguing that explicit statement and solution of equilibrium comwithout considering interactions with other areas, and transmis-
ditions is a promising theoretical and computational approaston is represented assuming tariffs and losses are proportional
to modeling strategic behavior. to distance. “Pseudosupply functions” are derived for privately
Such equilibrium conditions are obtained here by derivingwned sellers based upon the first-order conditions for profit
first order and market clearing conditions and solving themaximization by a Cournot producer; i.e., a producer who im-
simultaneously. The first order (Kuhn—Karesh—Tucker/KKTplicitly assumes that other producers will not alter their sales.
conditions for a constrained optimization problem MAXThese conditions are solved for all firms at once—but only for
F(xz, y) subject toG(z, y) =0, H(z, y) < 0,z > 0 are: one market at a time—and then the well-known Herfindahl con-
w1 OF |9z — NOG )z — pdH/dx < 0; 2> 0; ceEtration irILdkex isdcalculate%fer eachdmerket area. )
ater work based on equilibrium conditions attempts to make
2(0F [0z — AOG [0z — noH [0z) = 0 market simulations morg realistic by considering gll markets

y: OF/0y — NG [0y — ndH [0y = 0 simultaneously while recognizing transmission capacity lim-
A Gz, y)=0 itations. Several power market models of this type in which
i H(z, y) < 0; >0 pH(z, y) =0 producers behave competitively rather than strategically have

. . appeared. One is PMDAM [21] which iteratively adjusts prices
whereA andy. are the dual variables for constraitisand H, 4t nodes in the network for all periods until the market clears;

respectively. The equations associated with _the non_n_egat\l)éey large systems, such as the entire western US, have been
variables z and y are called complementarity conditionssqyeq in this way. Another is Qi and Harker [22]. They solve a
The models of this paper are created by combining the KKcp jn which power producers in eastern North America com-
conlelons for_ _aII the market part|C|p_ants and then add'rlgetetosupplypowerin an aggregate 12 link—9 node transporta-
equality conditions to represent clearing of the market. The, network in which Kirchhoff's voltage law is not imposed.
resulting problem involves both equality and complementarify,o mqqel is nonlinear because demand curves were assumed
conditions, and is termed a mixed complementarity problegg e of the constant elasticity for?(= a(Q®). Existence of an
(MCP). A general MCP is defined as follows: find vecter gqjjibrium is proven. Finally, Boucher and Smeers [23] derive
given functionsf(z) andg(z) such that: > 0, f(z) > 0, equilibrium conditions for several variations of POOLCO and
f()"z = 0, andg(z) = 0, wherez, f(z), andg(z) are pjateral markets under the assumptions of perfect competition
vectors. Iff(z) andg(z) are affine, then this is a mixed lineary,q efficient rationing of transmission capacity. They prove that
complementarity problem, or a mixed LCP. the alternatives yield the same market prices and efficiency, con-

The models of this paper are mixed LCPs as a result ffying earlier assertions by others e.g., [24]. Their models im-

using linear demand functions and marginal generation co§{gse general linear constraints upon transmission flows, which
However, the models can be generalized to the nonlinear cgey,,ge DC load flow models and nomograms or other reliability
yielding nonlinear complementarity problems, NCPs. Direglyngiraints as special cases. The result of Section IV-B, below,
solution of the market equilibrium conditions by complemeny, 5 pooLCO and bilateral (with arbitrage) markets yield the

tarity methods has important computational advantages. Mixgge equilibrium for Cournot generators can be viewed as an
LCPs involving thousands of variables and complementarifgneraiization of their results to imperfect competition.
conditions can be solved using available LCP software, suc he remainder of the models reviewed in this section, as well

as implementations of Lemke’s algorithm [18] and the MILE%
and PATH solvers within GAMS [19]. This permits applicatio
of strategic market models to large systems with thousa
of power plants and hundreds of constrained transmissi

s the models proposed in this paper, consider the possibility of

" rategic behavior by power producers. Jing-Yuan and Smeers

rﬁi] present a model that directly solves the equilibrium con-
ftions for a bilateral power market on a radial network. Each

mtlerfar?es. . . dels th based Cournot producer assumes that other producers will not change
n the next section, previous models that are based Upgjy;. output, sales, or the flows they induce on the network,

exphcn_statement and solution _Of equilibrium cond|t|on§vh”e recognizing the presence of transmission constraints.
are rewewed. Then, the .assumpnons of the two models Ffansmission tariffs can be set by a regulated body to recover
semr_nanzeq. A presentanon.of the two models follows, alor@id costs using either distance-dependent or postage-stamp
with illustrative results for a simple three-bus system. fees. The authors point out that such a system can have multiple
equilibria with widely diverging effects on the profits and
outputs of individual firms. That is, their MCP generally has
A number of power market models are proposed in the litererultiple solutions.
ture that calculate price equilibria in two steps: 1) formulation of However, Jing-Yuan and Smeers [11] use a variational in-
a set of conditions that directly state the market equilibrium coegquality (VI) solution approach to solve for one of the possible
ditions of profit maximization and market clearing; and 2) nuequilibria. They prove that a VI solution exists and is unique,
merical solution of those equations. These conditions are mesen if, as Stoft [15] shows, there are actually multiple Cournot
commonly phrased as a MCP. equilibria. In contrast, the mixed LCP models defined in this
In an early paper, Schmalensee and Golub [20] calculatg@aper and [7] yield unique solutions, implying that the market
Cournot equilibrium in each of 170 US market areas, consideuilibria are unique. This is made possible by making the sim-
ering power producers who own 871 generating plants. In theiifying Bertrand assumption that each generator does not an-
model, the equilibria are calculated for each area separatiypate how its actions will affect congestion and transmission

Il. RELATED MODELS
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prices. One of the reasons for this result is that in order to repproblems. In real power systems, prices and thus MR often fall
sent the effect of generation decisions on transmission priceqyélow MC for committed units during low load periods because
is necessary to embed the KKT conditions for the grid operatoits owner decides it is more profitable to keep the unit com-
optimal power flow problem within each generator’s optimizamitted rather than to turn it off and then later ramp it back up.
tion problem [4]-[6]; the resulting “mathematical program witiHowever, this difficulty can be handled by defining additional
equilibrium constraints” is highly nonconvex and could haviteger variables that would relax the MR MC constraint
multiple local optima. In contrast, the Bertrand transmission asthen plant output is at its minimum run level. Alternatively,
sumption means that the generator’s model is much simplertie objective function of the model could be modified in the
includes just linear terms for transmission costs in the objectimanner proposed at the end of Section IV-A, below. A second
function. difficulty with the model is that the added realism represented

The multiple solutions of the formulation in [11] underlieby integer variables unfortunately implies that existence or
much of the debate between Oren [5] and Stoft [15] aboubiqueness of Cournot equilibria may be impossible to prove.
i) the realism of this type of Cournot model and ii) its apparemhdeed, the infamous “duality gap” of unit commitment models
implication that Cournot generators will eliminate congestiocan mean that, in general, no market clearing equilibrium exists
in order to force transmission congestion charges to zero, ewen for perfect competition (nonstrategic) models of this type.
if there are very many producers. As Stoft [25] points out, this A model that focuses on the role of imperfectly competitive
lack of unigueness occurs in formulations such as [11] becaws®itragers is Smeers and Jing-Yuan [14]. Their model assumes
of the absence of markets for transmission capacity. Howevirat generators behave competitively, but that each arbitrager as-
in our models and those in [7], creation of a competitive marketimes that rival arbitragers will not alter the amounts they buy
for transmission services yields a unique price equilibriunand sell and the resulting DC power flows—a Cournot assump-
Basically, the eliminated equilibria are solutions in which thgon. In contrast, the model of Section 1V-B, below, represents
marginal valuations by different firms of the same transmissi@trategic generators, while low barriers to entry imply that arbi-
capacity diverge. tragers behave competitively. But like the models of this paper,

Smeers and Jing-Yuan [7] present a model equivalent to tliad] assumes that transmission rights are traded in a market and
of Section IV-A below in which there are markets for energy anthat market participants believe that they cannot affect the prices
transmission capacity, generators adopt Cournot strategieofnhose rights. Numerical examples in [14] indicate that prices
the energy market, transmission capacity is rationed efficienthyre likely to converge to competitive levels as the number of ar-
power flows over a linearized DC network, and no arbitragebstragers grows.
exist to erase noncost-based differences in energy prices be-
tween different locations. This model, like [11], also includes
the possibility of generation capacity expansion. Smeers and
Jing-Yuan prove existence and uniqueness of a market soluEach producer f owns power generating facilities
tion, which they obtain by VI methods. Presently, the modél = 1,..., H(f, ) located at nodes of the network.
is being applied to the EU power system, and includes tholhe indices and;j designate nodes!;;, is the per MWh cost
sands of variables and equilibrium conditions. The models of power generation #;, in MW. The capacity of a generator
Section IV-B below can be regarded as an extension of this ap=X i MW.
proach to POOLCO and arbitraged bilateral power markets. Consumers at a nodeconsumey; MW, which is price re-

Two proposed market models explicitly include the firssponsive. In order to use the LCP framework, we assume linear
order conditions for Cournot producers for intertemporal poweemand functiong;(¢;) = F;o —(Fio/ (0 ) $IMWh, with F;,,
production decisions while omitting transmission constraint$/MWh and@;, MW being the price and quantity intercepts, re-
Bushnell [10] considers how Cournot producers would allocaspectively. Nonlinear demand functions (as in [22]) would yield
hydropower over time. An iterative price-adjustment approaeiNCP, which generally are more difficult to solve. It is assumed
similar to PMDAM [21] is used. He finds that Cournotthat this is a bilateral market, in whicty; MW is the quantity
producers produce less on peak (thus raising prices at thald by producelf to consumers at nodg Assuming market
time) and more off-peak compared to producers who behadearing and no arbitragé; ;sy; = g¢;. If there is arbitrage,
competitively. thenX¢sy; 4+ a; = ¢q;, wherea; MW is the net amount of

The second such model, the dynamic model of Raet@. power sold by arbitragers to nogeThe generators determine
[12], instead focuses on unit commitment over a 24 hour plathe level of sales to each node, and then request transmission
ning period. Their model is the only Cournot equilibrium modedervice from the grid. An energy balance is imposed on each
that includes integer variables, which represent commitment diem: X; % pin = X;5¢5.
cisions. Firms are Cournot producers. Their profit-maximizing There exist a variety of transmission pricing policies that
behavior is cleverly captured in the model by a constraint theduld be simulated. In these models, it is assumed that trans-
the marginal revenue MR earned by a generating unit in a giverission is priced using a congestion pricing scheme [26], or its
hour must be at least equal to its marginal running cost MC if thienctional equivalent, a Chao—Peck [27] market for interface
unit is committed, while MC can exceed MR for uncommittedapacity. The owner of the grid charges a congestion-based
units. wheeling feeW,; $/MWh for transmitting power from an

Their formulation is correct for a single hour commitmenarbitrary hub node to node For simplicity, it is assumed that
problem; however, it can cause difficulties for multiperiodhere is neither generation nor consumption at the hub. Because

I1l. M ODEL ASSUMPTIONS
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of the linearity of the DC network [26], all generation andlemanded will be affected at other nodes. This yields different
sales can be modeled as being routed through the hub nodéaeavior and price equilibria than the nonarbitraged model, as
firm pays —W; to get power to the hub from a generator:at Section V's application shows.
and then pays-W; to convey power for sale from the hub to
customers aj. Thus, the total cost of transmitting power from IV. THE MODELS
a generator atto the point of §ale atis _W_i + Wj-. A. No-Arbitage Model

The total transmission service that the grid provides for power ] ) o
transferred from the hub to a nodlis defined ag; MW, which ~ We first present the producers’ and grid owner’s optimiza-
may be negative. Consistent with the linear DC approximatid{on Problems; combining their KKT conditions with the market
[26], flows through interfacek are modeled using power trans-¢/€aring condition then yields a mixed LCP. -
mission distribution factors; i.e., the net MW flow througlis 1) Producers: The producer’s equilibrium conditions result
3. PT DF,,y;. The lower and upper bounds on real powerflowféo_m the KKT conditions for the following quadra_tlc program.
through an interfack are—Tj,_ andT}.,. We assume no losses ! Nis model states that producgrchooses generatiary;;, and
and that congestion is only basis for pricing. However, moR&|€ssy: in order to maximize profit ($/hr), equal to revenue
general assumptions can be accommodated in a LCP e.g.,/8¥#!S transmission and generation costs:
[11]. Forinstance, zonal pricing or transmission path pricing can
be imposed. However, in order to respect physical constraints, it MAX E;[(Pjo — (Pjo/Qjo)(Xgsg;)) — Wilsy;

would be necessary to assume that the grid operator in addition = Zi, w(Crin = W)z gin
imposes an efficient nonprice mechanism to relieve congestiolr}b.ect to:
similar to the UK constrained-on and constrained-off approac%. ) '
The owner of the grid is assumed to ration limited interface  zz;n < Xgn (prin) V generators i, h
capacity to maximize the value of the transmission serviges Yispp =X nxpin (0f)

as expressed by generators’ willingness to pay. This behavior V sz;, zpn >0

can be shown to be equivalent to having the grid choose values . : .
of y; to maximize its revenud, Wiy; as if theW; are fixed, P/ is the dual multiplier for the generator capacity constraint,

while respecting interface constraints. It is also equivalent to"\g1|Ie O Is the dual for the energy balance, interpretablg’as

competitive market for transmission rights in which generatof_g""rgm&1I costatthe hub. Note thataj), for g 7 f are assumed

do not exercise market power [7], [25], [27]. ng?:éh(res'(\elatshh; Ca:t?grgo;\isc‘isetljﬂf gpsn.atch is simplistic. How-
A final assumption concerns arbitragers. As in [7], they are urse, v ISP 'S SIMPASHC. Tow

presumed to be absent in the first model; consequently, the (ﬁy_er, the mixed LCP can accommodate more realistic assump-

. , . ons, such as increasing marginal costs, minimum run levels,
ferences between prices at nodemndj can diverge from the . . 2 e
o S T fuel choice options, emissions allowances and tonnage limits,
cost—W,; 4+ W of transmitting power fronito j. This is termed . ) X
. . i A - and energy storage. Generation capacity expansion can also be
spatial price discrimination.” A firm can then optimize sales to . e ) . .
modeled, if capacity is represented as a continuous variable with

each node without worrying about how those sales will affect : .
no scale economies, as in [7], [11].

its sales or prices at other nodes. The no-arbitrage model is con- " , .
ceptually related to the continuous spatial competition moderI1The KKT conditions for generatof’s problem are:

of Greenhut and Greenhut [28]. There, separate Cournot equi-* FOf $/5: 7

libria are calculated for each demand point among spatially sep-,, . ' ' ' .

arated producers (but unlike [20], these equilibria are calculated *° (Po/Quo) (2555 + Yot y39i)) = Wil = 0 < 05

simultaneously). As a result, spatial price differences do not nec- 5/i 2 0;

essarily reflect transport cost differentials. Hashimoto [29] and ¢ {[(Pio — (Fio/Qi0)(255; + Xyzf54;)) — W;] — 05} =0

Kolstad and Abbey [30] implemented that general approach for (f1)

network-based coal market models. Schmalensee and Golub’s

[20] Cournot analysis of power markets implicitly embodies the * Forxzj;,, Vi, h:

assumption that price discrimination can persist over space. But

these analyzes did not consider link capacity limits or networks — (Crin = Wi) = pyin + 05 < 0; zgin 2 0;

that adhere to Kirchhoff’s voltage law, unlike [7]. rin{—(Cpin — Wi) — ppin + 65} =0 (72)
The second model presented below recognizes that arbitrage )

will occur. Arbitragers are also explicitly considered in Quiand * FOr psin, V4, h:

Harker’s [22] perfect competition model and Jing-Yuan and _ . - .

Smeers’ [14] model of strategic power marketers. The arbitragexﬁh S Xgins prin 2 0; prin(@gin = Xgin) =0

model assumes that arbitragers are price takers, and will sell (f3)

power fromi to j as long ap;(g;) — W; + W; < p;(g,). Thus,

in equilibrium, p;(¢;) — W; = p;(¢;) — W; = py, the hub

price. Generators are assumed to recognize that this will occur, Yispi = i b pin- (f4)

so that if firm f shrinks its sales at nodg then the resulting

increase inj’s price will create arbitrage opportunities; when 2) Grid Owner: The grid’s equilibrium conditions result

arbitragers exploit these opportunities, prices and quantitiesm the KKT conditions of the following LP. The grid chooses

* Forfy:
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y; to maximize its profit from bilateral transactions, adopting Hashimoto [29] points out that a Cournot equilibrium on a
the naive Nash—Bertrand assumption that it cannot affect ttnensportation network can be calculated by solving a single QP

fees it gets for providing transmission: under two conditions:
 supply and demand functions are linear; and
MAX %Wy, « transportation costs are proportional to flows on the net-
s.t. work, and there are no flow limits.
=X PTDFyy; T (Ax—) Vinterfacesk Below, an analogous QP is formulated in which the network is
L PTDFxy: <Thr  (Mat) Yk instead governed by both of Kirchhoff’s laws and there are line

flow limits. The KKT conditions for this QP are precisely the
Tame as{f1)—(f4), (G1)—(G3), (MC1)]. Consequently, this QP

) can be used to derive the no-arbitrage equilibrium. Further, as
* Fory;, v long as the feasible region is nonempty, a solution will exist;
moreover, it can be shown that the concavity of the objective

The As are the duals associated with the interface constraint:
The KKT conditions defining the optimal solution are:

Wi+ S PTDEp(Ak— = Mt) = 0 (G1)  fynction implies that the resulting market equilibrium prices and
For v Vi profits for each firm are unique [32]. However, the plant outputs
OF Ay VA2 x i, Might not be unique. For example, two plants at the same
) ) busi owned by the same firnf might have identical marginal
— LiPTDFwyi < Ti—s A 203 costs, and so there may be alternative dispatches that yield the
Me— (B PTDFjy; + 1) =0 (G2) same cost and outputs fgr
The QP is as follows. Choosg;, x f;1,, andy; to solve:
* For Ay, VE:
MAX 3;[PjoXrs s — Pjo/(2Q50)(S1515)?
L PTDFuy; <Thy; Ay 2 0; — Pio/(2Q,0) (%552 )] = Si 1Cpina in
S.t.
3) Market Clearing: The total transmission service de- zpin < Xgin (ppin) Y f, i, h
manded by generators from the hub to ansust equal the Yiss = Y n pin 65) YV f
transmission service the grid provides between those nodes: —EiPTDF;,kyf, <Tie (M) VEk
. LiPTDFyy; < Ty (Aet) VK
Efsfi - Ef: hL fin = Yi Vi (MC]') Efoi - Eﬁ RE fih = Yi (VVZ Vi

X . X stj,xﬁhzo.

Solution Approach:Gathering the producers’ and grid’s
KKT conditions and the market clearing equations resulf$ote that the dual variables for the market clearing constraint
in a (perhaps very large) set of conditiong{)—(f4), vV f; arethetransmission feés;. This QP can be solved by standard
(G1)—(G3); and (MC1)]. The resulting problem is a mixed LCmonlinear optimizers or specialized QP codes [18].
Solving these equations simultaneously for the following primal There is one important difference between the QPs objec-
and dual variables produces an equilibrium to the no-arbitrati¢e function and the social welfare objective used in perfect
market game{s;, z fin, i, Wi, pfins 05, Ai—, At }. Note competition models. The difference is the addition of the term
that the transmission pricé; are variables in the LCP, not £jo/(2Q;0)(2s%;). Adding this term ensures that KKT con-
fixed parameters—even though each generator’s optimizatidiions correctly calculate marginal revenue fraccounting
problem( f1)—(f4) and the grid’s problem (G1)—(G3) naivelyfor how expansion of sales would depress prices.
presume they are fixed. The LCP algorithm solves forifie =~ Two other observations are worth making about the
that clear the market for transmission services. no-arbitrage model. First, the difficulty in the model of [12]

Finally, note that the number of conditions (complemerWith low price periods can be corrected if the above QP objec-
tarity conditions and equality constraints) equals the numbiéfe is substituted for their linearized social welfare objective,
of variables. This can be seen by considering the fact thefid their equilibrium constraint (MR> MC) is dropped.
one set of KKT conditions results for each of the variable3econd, the no-arbitrage model yields a value of sales of each
8 iy T finy Yir Prins 05y M s ks, While there is one market firm at each node. That makes it possible to calculate equivalent
clearing equation for eacl;. This “squareness” condition is Herfindahl indices at each
needed for mixed LCP algorithms to find a solution. In contrast, )
the NCP in [11] has more variables than conditions, implying: Arbirage/POOLCO Model
existence of multiple equilibria. In this model, generators recognize that marketers/arbitragers

There are two general advantages to phrasing the problenwéls buy and resell power where price differences exceed the
amixed LCP. First, using theoretical results [31], itis possible tmst of transmission. It is assumed here that there are many arbi-
determine if this system of equations satisfies certain sufficietnagers and that they behave competitively, so it is unnecessary
conditions for existence and uniqueness of the solution. Secotaldevelop individual models for each arbitrages, unlike [14].
efficient mixed LCP solvers, such as those in GAMS, can bestead, the equilibrium condition that price differences reflect
used. transport cost differences can be directly imposed upon the other
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players, as reflected in the following models for the generatdos optimal. BecausE; 1z i, = Xjsy;, it must be possible to
and grid owner. arrange a set of such adjustments suchhat;;;, = s¢;, V.

1) Producers: The producer’'s model can be formulated as @his solution is equivalent to each generator selling its output at
generalization of the no-arbitrage case, incorporating variabiesbus at the bus’s prevailing price.
representing arbitrage transactions along with two additional sefThis result means that generafds model can be simplified
of constraints. This generalization is implemented as followsby eliminating thes; variables as follows:

i) SubstituteX, s ;+a; for X s,; as the quantity consumed

in the inverse demand function at each nggdend MAX  Zi[Pio — (Pio/Qio)(Zg, ngin + asi)|(En fin)
i) Add two arbitrage constraintg; = py-+W; for all nodes — 2 1.Crinx pin,
J (wherepy; is the price at the hub bus, which is treated st x4, < X (ppin) Vi, h

as a decision variable ifi's model) and®;a; = 0. The

. . : . . -Pio - -Pio 20 by v gih @
first constraint forces differences in node prices to equal (Pio/ Qio)(Xg, n%gin + i)

transmission cost, while the second compels arbitragers =puy+ Wi (avpi) Vi

to be neither net producers nor consumers. Yiap =0 (By)
The resulting producer model is as follows: Tpin > 0 Vi, h

MAX 2;[(Pjo = (Pjo/ Qjo)(Bgsgs + ayj)) — Wil The KKT conditions for this model are as follows:

sy — i 1w (Crin — W)z pan e Forazpin, Yh, i:

s.t.

<X (prin) Vi, } Bio=(Fio/Qio)(2Xn fin+Xgst f, ngin+ayi) = Crin
x‘ﬁh - fik p‘ﬁh b +o 7 -Pi,o Qio —Pfih < 07 L fih > 07
Yi, n fin = 258 g (6y) $lFi0/ Qio) = Prin = =
Pio = (Pio/Qjo)(Xg5g; + agj) = puy + W Eafi) \& zfin{ Lio— (Lio [ Qio) (2Xn fin+ Xz f, nTgin+agi) = Crin
Zxafx =0 /3f
V;fjja?fih > 0. +afi(Pio/Qio) = pyin}t = 0- (F1
Note, once again, that thg; for g # f are not decision vari- » Foray;, Vi
ables in this model. The primal decision variables figegen-
eration and sales, the arbitrage transactions, and the hub price. (Pio/Qio)(aryi — Tnwpin) — By = 0. (f2)

Note too thats; andp g ¢ are indexed by firmy; this indicates
that the firm views them as being affected by its actions. How- ¢ FOrps:
ever, in a market equilibrium, these variables will be equal for ’
all firms. New dual variabless,; andj3; are introduced for the Ziayi =0. (f3)
two arbitrage constraints.

Because of the no-discrimination constraint= pg + W;,
this model is equivalentto a POOLCO model in which each gen- ) ) .
erator sells power to the grid at the prevailing price at its bus,” /" < X prin 2 0; Py gir = Xgin) = 0.
and not to individual customers at other nodes. Thahishe (/4)
presence of arbibge,Cournot competition in a bilateral market
yields the same equilibrium as Cournot competition among gen-
erators in a POOLCO

This assertion can be proven by starting with any optimal so- Pio—(Pio/Qio) (g 1 gin. + ayi) =puy+ Wi (fY)
lution to the above problem. Say that satesin such a solution . For 3
are being made to a node in an amount different ffoagen- I
eration at that nod&,x ¢, . By increasingzs; by an amount_ Siag = 0. (/6
sp; — Xnx gy, and decreasingy; by the same amount, and si-

multaneously decreasingy; and increasing; by that same 1,4 implicit assumptions of the above model are that all nodes
amount for some other nodesales and generation can be madg,y cept the hub) have a demand curve, and that the equilibrium
equal gtj. Such a c.hange would not affect the firm’s reVeNUESiice never exceeds its choke priBg, at anyi. More general

net of its transmission costs because: assumptions can also be handled by a LCP.

« the price received for sales anet of W; is the same as  2) Grid Owner: The grid model corresponding to the full

the price at net of W;—i.e., both equap; and producer model is identical to the no-arbitrage case.

« the firm’s total sales are unchanged. 3) Market Clearing: For an arbitrage model solution to rep-
Further, such a change will not alter the firm’s generation costesent an equilibrium, the following balances must be main-
because they;; variables are unaffected. Thus, profit is theained between the transmission services provided by the grid
same. Finally, the new solution is feasible because generati the services demanded by the arbitragers:
and delivered prices are unchanged, and the arbitrage energy
balance remains satisfied. Therefore, this new solution must also Yi = Gy, Y f, . (MC1)

e For Pfihs \V/i, h:

* Foraﬁ,Vi:
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TABLE |
PRICES AND PROFITS THREE BuS EXAMPLE
Delivered Transmission Interface Profit, Grid Owner| Consumer Net Social
Prices, $/MWh | Price, $MWh | Dual },,, $/hr Revenue, Surplus, Welfare,
Case ol | W | W | W, $MWh | f=1] f=2 $/hr $/hr $/hr
T, = oo (No limit):
Perfect Competition 151151 15 0 0 0 0 0 0 0 10,614 10,614
Cournot, No Arbitrage | 25 | 25 |22.3] © 0 0 0 3543 | 731 0 3718 7992
Cournot, Arbitrage 23.8)23.8123.8] 0 0 0 0 3465 | 653 0 3913 8031
T,=25 MW:
Perfect Competition 1520 [17.5]-25[25] 0 75 0 0 187 8445 8632
Cournot, No Arbitrage |24.1125.9(22.31-141141} 0 42 2541 | 1297 105 3729 7672
Cournot, Arbitrage 22.5(25.1123.8]-13113} 0 39 2526 | 1167 97 3933 7723
TABLE I

GENERATION, SALES, AND TRANSMISSION FORTHREE BUS EXAMPLE (MWh)

Quantities demanded Sales By Firm 1 Sales by Firm 2 Generation by f Power Transmitted
Case q; q: qs Sy Sz Si3 S S22 523 X1 X22 I U3 Ly
T, = oo (Nolimit): | .0, 3175 13296|95a6| 0 | 0o | 0| o [0 9sa6| o |3182|3239] 57
Perfect Competition

Cournot, No Arbitrage | 187.5 | 187.5 | 187.4] 125 125 {14221 62.5 | 62.5 [45.2] 3922 | 1702 | 74 |[130.71 56.7
Cournot, Arbitrage 202 202 |158.313922| O 0 0 1702 ] 0 3022 11702 74 1162} 42.2
T,=25 MW:
Perfect Competition 312.5| 250 281.214906| O 0 0 |3531]| 0 490.6 | 353.1 25 |153.1] 128.1
Cournot, No Arbitrage | 199.1 | 175.9 (187.4| 113.4 | 101.8{115.2] 85.7 | 74.1 |72.3| 330.3 | 232.11 25 |[106.2| 81.2
Cournot, Arbitrage 2182 | 1859 158.31 3349 | O 0 0 |2276}) O 3349 | 2276} 25 917 | 66.7

Furthermore, the hub prices assumed by the firms must be cénom that solution are unique. She also formulates alternative
sistent, resulting i" — 1 of the following equations, wherE  models that yield equivalent solutions, including one in which
is number of firms: arbitrage constraints and variables are removed from each
V>l (Mc2) Producerf’s model. There, she defines a separate set of KKT

Paf=DrH1 . . . . . ; .
4) Solution Approach:The arbitraged market equilibriumcond.'t'pns. which derives from a s!pgle arbitrager's prole
maximization problem. These conditions force uneconomic

problem can be solved by gathering the producers’ KKT con-. i | . . ) iibri
ditions (f1' — f6/, ¥ f): the grid owner's KKT conditions price differences among locations to disappear in equilibrium.
(G1)—(G3); and the market clearing conditions (MZIMC?2).

The resulting mixed LCP can be solved for the equilibrium V. EXAMPLE

values ot ayi, @ pin, P s, Yis Wis Pfiny iy By Ak—y Ak }- This simple example illustrates the application of the above

Butthis system cannot be solved directly, since there are M@fgdels, and is designed to permit verification by the reader.
conditions than variables. This occurs because there are MpfRre are three busseis,= 1, 2, 3, each of which has cus-
market clearing conditions (MC)l, (MC2)) than transmission tomers. However, generation occurs only at busses 1, 2.
pricesW;. There are/ /" + I — 1 such conditions, but only - gach pair of busses is interconnected by a single transmission
prices, wherd is the number of nodes other than the hub. Thuge: al three lines have equal impedances. The demand func-
there arel /' + F' — 1 — I equations too many. However, it tumnstions arep;(¢;) = 40 — 0.08¢;, ¢ = 1, 2 andps(gs) = 32 —

out that precisely this number of conditions are redundant. @0516(13 $/MWh. These functions imply that demand is more
particular: elastic at the demand-only node (bus 3). There are two producers
» (F — 1)I equations (5’) can be dropped [because thos¢ = 1, 2, each with one generator. Firm 1's generator is sited
that correspond t§ > 1 are equivalenttothose fgr=1, ati = 1, while 2's is ati = 2. Both generators have unlim-
given (MCZ), (MC2)], and ited capacity, and a constant marginal cost: $15/MWh for firm
* I — 1 equations f6’) can be deleted [as (MCllimplies 1, and $20/MWh for firm 2. The only transmission cost arises
that the (f6") for f > 1 are redundant tof¢’) for f = 1].  from congestion.
Omission of those equations yields the required “square” MCPTwo different transmission systems are considered below:
system, with the number of conditions equaling the number ofe without congestion—infinite transmission capacity—and
variables. one with congestion on a single interfate = 1) between
By formulating an equivalen® P, Metzler [32] shows that busses 1 and @} = 71 = 25 MW). For each case, Tables |
this MCP has a solution, and that the prices and profits resultiagd 11 show the results for each of three types of competition:
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perfect competition, Cournot competition/no-arbitrage, and the context of merger evaluation and other market power
Cournot competition/arbitrage. Perfect competition is simgtudies. We have obtained initial results for the UK and Eastern
lated by a model that maximizes social welfare, defined &sterconnection [35], [36].
the sum of generator profit, grid owner profit, and consumer Another question that should be addressed is: how do the
surplus. This solution is equivalent to marginal cost pricing iyodel results compare to solutions from other proposed market
generators. models? Examples include Cournot models in which producers
An obvious difference among the solutions is the effect abrrectly anticipate how changing output affects congestion [5],
imperfect competition. Perfect competition yields much lowd6], [11] or the Cournot and supply function equilibria models
prices and higher welfare than the Cournot solutions. Withositirveyed in [2], [3]. Such models may yield more realistic equi-
transmission constraints, the cheapest fiffn= 1) serves the libria if the behavior they represent is more representative of
entire demand at all nodes under perfect competition. But undww producers behave. However, most of those models are more
imperfect competition, prices climb enough to allow the morgifficult to compute than the models presented here and have ex-
costly firm (f = 2) to enter. When the 25 MW interface con4stence and uniqueness problems [4], [15].
straint is imposed, firm 2 generates even under perfect compeFinally, versions of the models including other transmission
tition, as firm 1 cannot ship enough power to meet all ef 2  pricing systems, including zonal and FERC Order 888-type
and 3's demand. pricing, should be formulated and implemented. As Harvey and
Another difference between the solutions is the impattogan suggest [37], alternative transmission pricing schemes
of arbitrage. Without arbitrage, Cournot prices can diffezould have important implications for the exercise and effects
significantly among nodes even in the absence of transmissiagfirmarket power.
constraints. Further, these price differences may bear little
relationship to the costs of transmission (as reflected inithe ACKNOWLEDGMENT

In particular, because node 3's demand is relatively elastlc,U. Helman, C. Day, W. Stewart, R. O'Neill, M. Rothkopf,

its no-arbitrage prices are lower than the other nodes’, even . :
. Smeers and the reviewers provided helpful comments. Spe-
though power flows to that node from nodes 1 and 2. Thu P P P

1o flow th p high oriced nod Sal thanks are due to C. Metzler and J.-S. Pang whose encour-
power seems 1o flow the wrong way, from high pricéd nodes ement, criticisms and proofs have been particularly valuable.
the low priced node. Compare, for instance, nodes 1 and 3.

X : ) _ inions and errors are the responsibility of the author.

congestion charge associated with moving power from 1 to
is +1.4 $/MWh(=—W, 4+ W3). However, the price at node 3
is lower, rather than higher, than that at 1. This is because thel] W lic. . Gal 4 L. Finkp < . N

’ e : H : . lic, F. Gallana, an . FinkPower Systems Restructuring: Engi-
node 3's elasticity motivates generators_to cut delivered prlcgs{ neering and Economics Boston: Kluwer, 1998,
there, and there are no marketers to arbitrage away the ensuing] “Game theory tutorial,” inEEE Winter Power MeetingH. Singh, Ed.,
noncost based price difference. New York, Feb. 1, 1999.

g : : ; _ [3] E. Kahn, “Numerical techniques for analyzing market power in elec-
The ability to arbitrage alters those price differences. Ar tricity,” The Elect. J.pp. 34-43, July 1998.

bitrage aligns bus priceg; with transmission cost#/;; thus, [4] B.F. Hobbs, C. Metzler, and J. S. Pang, “Strategic gaming analysis for
when there are no transmission limits, price differences are com-  electric power networks: An MPEC approach,” [EEE Trans. Power Sys-

i ; : : tems, to be published.
pletely eliminated. Note also that the arbitrage solutions yield [5] S.S.Oren,“Economicinefficiency of passive transmission rights in con-

higher welfare than the no-arbitrage cases because arbitrage gested electricity systems with competitive generati@ing Energy J.
eliminates unjustified price differences. This, however, is not - golc-lfg rl)lp-CGSH—_83, 13?;/. Ny Vark §
. . Cardell, C. Hitt, and W. Hogan, “Market power and strategic interac-
necessanly a general result [33]' . . tion in electricity networks,'Resources and Energy Ecowol. 19, pp.
In [34], results are shown for a two node system, including  109-137, 1997.
a counter-intuitive outcome that reduced transmission capacityf?] Y. Smeers and W. Jing-Yuan, “Spatially oligopolistic model with oppor-

; ; ; imm_  tunity cost pricing for transmission capacity reservations—A variational
increasesvelfare in some cases. This occurs there because im inequality approach,” Universite’Catholique de Louvain, CORE Disc.

perfect competition reverses the direction of flows relative to Paper 9717, Feb. 1997.
perfect competition, and tighter limits lessen these inefficient[8] S. Borenstein, J. Bushnell, and S. Stoft, “The competitive effects of
flows transmission capacity in a deregulated electricity industry,” University
’ of California Energy Institute, Berkeley, CA, PWP-040R, 1998.
[9] S. Borenstein and J. Bushnell, “An empirical analysis of the potential
for market power in California’s electricity industry,” University of Cal-
VI. CONCLUSION ifornia Energy Institute, Berkeley, CA, PWP-0448, 1998.
.[10] J. Bushnell, “Water and power: Hydroelectric resources in the era of
Nash—Cournot models are popular although not necessarily = competition in the western US,” U. Ca. Energy Inst., Berkeley, 1998.

realistic methods for modeling strategic interactions in poweill] W. Jing-Yuan and Y. Streets, “Spatial oligopolistic electricity models

. with Cournot generators and regulated transmission pri€gsgtations
markets. However, previously proposed Nash—Cournot models  res vol. 47, no. 1, pp. 102112, 1999.

either ignore the grid or represent it as a simple radial network;12] A. Ramos, M. Ventosa, and M. Rivier, “Modeling competition in elec-
or they pose computational difficulties for large networks, such g&egifzgylfgggkem by equilibrium constraintslfil. Policy, vol. 7, pp.
as nonexistence or nonuniqueness Of. equilibria. The qu_e[§3] B. Andersson and L. Bergman, “Market structure and the price of elec-
proposed here are able to compute imperfectly competitive  tricity: An ex anteanalysis of deregulated Swedish markeEsergy 1
equilibria for networks including hundreds or even thousands, _ Vol 16, no. 2, pp. 97-109, 1995. _

f trol areas or busses and similarlv larae numbers 4] Y. Smeers and W. Jing-Yuan, “Do we need a power exchange if there are
9 CORLO A ) ‘ . y ) g enough power marketers?,” Universite’ Catholique de Louvain, CORE
interfaces. An immediate task is the application to such systems Disc. Paper 9760, Aug. 1997.
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